CHAPTER THREE

STRUCTURE PRESERVING
MAPPING

1. INTRODUCTION

Given a group and normal subgroup K of G, we have learnt how to construct the
factor group G/K. What about the converse of this? That is, if we are given a group K and
group H, can we find a group G such that K is a normal subgroup of G and G/K is similar
to H? This is known as the extension problem; the group G is said to be an extension of K
by H. The theory of such extensions has been extensively studied since O. Schreier first
considered the problem in the problem in the 1920s.

In the chapter, we will consider certain structure preserving mappings, which are
prerequisite for the answer of the above-mentioned question. Specifically, we will study
homomorphism, isomorphisms, automorphisms, and some of their uses.

2. HOMOMORPHISM

If we can show that the group G in which we are interested is isomorphic to a
group whose structure is known, then G can be identified with the known group. Hence
the structure of G is also known. The identification of G with a known group is done
through an isomorphism. However, it is not always possible to obtain an isomorphism.
Usually, we have to be content with a mapping (between G and some known group)
which is neither one-to-one nor onto but which still preserves the structure. Formally, it
means:

Let G and H be groups and ¢ be a mapping from G to H. Then ¢ is called a
homomorphism if it preserves the group structure, that is, (xy)¢ = (X)@(y)¢, for all x, y
eG.

For instance:

Example 3.2.1



Let us consider the group GL(2,R), under matrix multiplication, if non-singular
2x 2 matrices with entries form the real line R. We define a mapping ¢ from GL(2, R) to
the multiplicative group R* of non-zero real numbers by setting (M)¢ = DET(m) for all
MeGL(2, R). Then ¢ is a homomorphism because (MN)¢ =det (MN) =det(M) det(N) =
(M)g (N)¢ for all M, N eGL(2,R).

Example 3.2.2

Define a mapping ¢ from a group of integers under addition and the group of
integers modulo n(se example 1.2.9) under addition by (z)¢ = z, for all zeZ. Then, it is
quite easy to se that it is a homomorphism.

Example 3.2.3

Leta € R. Then Aa: R—>R and pa : R— R, define by (x)Aa = ax and (X) pa = xa for
all xeR are homomorphism, because (x +y )pa=a(x+y)=ax+ay = (X) pa+ (Y)pa,
and (X +y) pa=(x +y)a=xa+ya=(X)pat (Y) pa, forall x,y € R.

If there is a one-to-one homomorphism between two groups, then the
homomorphism is called a monomorphism. If ¢ is a monomorphism from a group G to a
group H then G is said to be embedded in H. For every two group G and H thre is at lest
one homomorphism ¢ G—H defined by (x)¢ =1 for all x €G. This homomorphism is
known as a trivial homomorphism. A homomorphism which is onto is called an
epimorphism. For instance the mapping defined in the example below is an epimorphism.
Example 3.2.4

Let H and K be any two groups. Define a mapping ©: H x K —H by (h, k) = = h,
for all (h, kleH x K. Then it is easy to prove that = is an epimorphism. This
epimorphism = is called a projection from the direct product H x K onto H. Note that,
similarly we can define a projection from H x K onto K.

A homomorphism which is one-to-one and onto is called an isomorphism. If there
is an isomorphism between groups G and H, then the groups G and H are called
isomorphic. If G and H are isomorphic, then we write it as: G = H. The mapping
1:G—G, defined by (x)1= x for all xeG, is an isomorphism and is called the identity
isomorphism and is called the identity isomorphism. Also, it is fairly easy to see that the

composition of two isomorphisms is again an isomorphism. Moreover, because an



isomorphism is a one-to-one and onto mapping, its inverse exists. It is also easy to see
that isomorphisms satisfy the associative law. This shows that the set of isomorphisms
from a group under the operation of composition of mappings.

b

It is important mention that ‘=’ is an equivalence relation and consequently
partitions the collection of groups into non-empty disjoint equivalent classes of groups.
Notice the following natural properties of a homomorphism from a group G into a
group H.
Q) (1)¢= 1", where 1 is the identity in G and 1" is identity in H.
(i)  (xY g=((x)9)?, for every xeG.
(ii) Im(g)={yeH:(X) ¢ =y}<H.
Let us now consider a few example of isomorphisms.
Example 3.2.5

Let C* be the group under multiplication of non-zero complex numbers and let G

a b
be the group under matrix multiplication of matrices of the form { b a} , Where a, be

are real numbers not both zero. Define ¢. C* -G by (a +ib) ¢ = ab, for every a +ibeC*.
then it can be easily verified that ¢ is an isomorphism. Thus C* = G.

All the finite cyclic groups of order n can be identified with the cyclic group Zn
whereas all the infinite cyclic groups can be identified with the infinite cyclic group Z.
We show this, through the following examples.

Example 3.2.6
We assert that all the cyclic groups of order n are isomorphic to the group

zr :{6, 1, in_—l} under addition.
LetCn{1,x,Xx% ..., X"} =<xx"=1>. Define a mapping ¢: Cn — Z; by
(xV¢=r, forall X eCp. Then(1) g = =0, (X)g =1, g =2 ,...,(x" g =

nt. Itis not difficult to see from here that ¢ is a well-defined, one-to-one and an onto

mapping. If 0<r<n-1land 0<s<n-1, then (X', X*) ¢ = (X" ¢ =(x") ¢, where 0 <t<n-1
and r+s =t (mod n). Now because r +s =t (mod n), (x)¢=t =7 +5 = (x')¢+(xs)¢.

Thus ¢ is an isomorphism from C, onto Z implying that Cn = Z .



Example claim that all infinite cyclic groups are isomorphic to Z* group of
integers under addition. Let us denote C.. to be an infinite cyclic group:
{1, xtoxP o xE L .}=< x >. Define amapping ¢: C —Z* by (x)¢ =r for all
X" e Cw . Then it is simple to show that ¢ is well defined, one-to-one and onto.
Moreover, (X" . x°) € C» .Thus ¢ is an isomorphism; and so C* =~ Z*.

If ¢is a homomorphism from a group G into a group H then the kernel of ¢,
denoted by Ker ¢, is defined as:

If ¢is a homomorphism from a group G into a group H then the kernel of ¢,
denoted by Kerg, is defined as:

Kerg = {xeG(x)¢ =1, where 1' is the identity of H}.

As an illustration we indicate the kernel of the homomorphism ¢ from GL(2,R) to
R* described in example 3.2.1.If MeGL(2,R) then (M) ¢ = det(M); therefore the kernel
of ¢ consists of those matrices M which have determinant 1.

Next, we investigate the structure of the Kernel of a homomorphism.
Theorem 3.2.8

If ¢is a homomorphism from a group G into a group h, then Ker ¢ A G.
Proof

First, note that Ker¢ is non-empty because (1) ¢ = 1" implies that 1 eKerg.

Now, if X, y € Ker ¢ then (x) ¢=1" and (y) =¢=1" so, (xyD)g¢=(X) ¢ (y1)¢ =
(X) ¢ (y)¢t= 1 impliesthat xy* e Ker ¢. Thus, theorem 1.5.10, Ker ¢ < G.

Now, if xeG and keK then (k)¢ =1' and so (xhx™) g =(X) d(K)d(x 1) ¢ =(X) ¢
(' ((x)@)™1) = 1'. Thus xkx! € Ker ¢ and so, by theorem 2.4.4, KergAG.

One way of knowing the structural properties of a group G is to identify it with
some known group H. This can be doe by defining a homomorphism ¢ between G and H
and showing that ¢ is one-to-one and onto. The following result shows that the smaller
the Kernel of ¢ is, the more isomorphism — like ¢ will be.
Theorem 3.2.9

A homomorphism ¢ from a group G into a group H is a monomorphism if an only

if Ker ¢ = {1}.



Proof

First, suppose that ¢ : G—H is a monomorphism. If we let xeKerg, then (xX)¢= 1’
and so (1) ¢ = 1" implies that (X) ¢ = (1) ¢. Since ¢ is one-to-one it implies that x = 1.
Thus ker ¢ = {1}.
Conversely, suppose that Kerg ={1} and (x) ¢ =(y)¢ for arbitrary x, y € G. This means
that (X)¢ ((y)@)™* = 1'. That is, (X) ¢ (Y1) ¢ =(xy)¢=1" and so xy™* € Ker ¢ ={1}. Thus,
xy! = 1 implies that x = y. This shows that ¢ is a monomorphism.

We have seen earlier that with any homomorphism ¢ : G — H there is associated
a normal subgroup, namely Ker ¢ . The next theorem which is often known as the first

isomorphism theorem, and is attributed to E. Neither, shows that G is an extension of Ker
¢ byH.

Theorem 3.2.10
Q) Let ¢ be a homomorphism from a group G into a group H and K = Ker ¢.
Then ¢ defined by (xXK)¢ = (X) ¢, for all xKeG/K, is isomorphism from G.K

to Im(¢).
(i) If KA G then there is a natural epimorphism r from G onto G/K such that

Kerr = K.
(iii) ¢ =mg
Proof
(i) If xK, yK eG/K and xK = yK, then y* xeK. This implies that (y*x)¢=1', where
1' is the identity in H. Thus (yx) ¢ (YD e(X) ¢ = ((y¢)(X) ¢= 1" implies that
(X) ¢=(y)¢, that is, (XK)¢ = (yK)¢ . This shows that ¢ is well-defined.
If XK, yK eG/K and (xK) ¢ = (yK) ¢, then (x) ¢ = (y) ¢ implies that ((y) @)
1) g = (yHe(X) g = (y1x)¢ = 1. This shows that y! xeK. That is xK =yK. This shows
that ¢ is one-to-one.
If ye Img, then there exists x € G such that (x) ¢ =y. This implies that for every
yelm ¢, there exists XK € G/K such that (xK)¢ =(x)¢ =y. This shows that ¢ is onto.



If XK, yK eG/K, then (xKyK)¢ =((xy)K) ¢4 =(xy) 4= (x) Ky)¢ =(xK)¢ (yK)¢. This
shows that ¢ is a homomorphism. This completes the proof of (i).

(i) Define a mapping n: G—>G/K by (X)r = xK, for all xeG. Then it is fairly simple
to show that € is an epimorphism. (note that this mapping is known as the natural (or
canonical) epimorphism.

If x € kere, then (x) © =K, as K is the identity in G/K. But (x)r = XK, by
definition, and so XK =K. This shows that x € K. That is Ker 1 < K. On the other hand,
if xeK, then (X)r = xK=K implies that xe kere m. That is K < Ker «. The two
inclusions, thus, imply that K = Ker rt. This proves (ii).

(iv) By (i), we have G/K = Im ¢. In order to check that ¢ = ng, we let xeG. Then
X)mg = ((X)ng = (XK) g =(X)¢. This is true for all xeG. Thus tg = ¢. This
concludes the theorem.

The following examples illustrate the afore-mentioned theorem.

Example 3.2.11

Let F be a field, F* F\{0} and GL(3,F) denote the group (under multiplication of 3
x 3 non singular matrices with entries from the field F. Define a mapping #:GL(3,F)—>F
by (M) ¢ = det(m), for all MeGL(3,F). Then it is not hard to see that ¢ is an
epimorphism and Ker ¢ = {MeGL(3, F): det(M) = 1} (This normal subgroup of GL(3,F)
is denoted by SL(3,F) and is known as the special linear group of degree 3 over F. A
detailed description of this will be given in the last chapter. By theorem 3.2.10, GL(3,
F)/SL(3,F)= FX
Example 3.2.12

For a positive integer n, define a mapping vi from a group Z*, of integers under
addition and the cyclic group Cn of order n by (z)va =e?™?" for all zeZ". It can be
proved easily that ker va = {nz : z € Z'} = nZ" By theorem 3.2.10, this implies that C, =
Im v =Z7/Ker vy = Z*InZ*. Thus, Z* has a factor group of order n corresponding to
every positive integer n.

Next, we prove the second isomorphism theorem which describes the structure of
a factor group .
Theorem 3.2.13



If G isagroup, KA G and K<SHAG, then % is isomorphic to G/H.

Proof

First, note that since KAG and K < H < G, therefore, by theorem 2.4.9, KAH and
so we can define the factor groups G/K, H/K and G/H.

Define a mapping ¢ : G/IK—G/H by (xK)¢ =xH for all xKeGK. The mapping ¢
is obviously well-defined because if xK = yK, then y! x € K implies that y* eK implies
that y* x eH, as K<H, and so xH = yH.

If XK, yK, € G/K, then (xKyK)¢ = ((xy)K)¢ = (xy)H = xHyH =(XK) #(yK) ¢
implies that ¢ is a homomorphism.

The homomorphism ¢ is obviously an epimorphism because for every xHeG/H,
there exits XK € G/K such that (xK) ¢ = xH.

If xKeKerg, then (xK)¢ = H because H is the identity is G/H. Now (xK)¢ = xH,
for all xK €G/K, implies that xH =H. This, of course, means that xeH. Thus xK e H/K
and so Kerg < H/K. Conversely, if xK eH/K, then (xK)¢ =xH and so x eH implies
that (xK)¢ = xH = H. This implies that xK € Ker ¢, showing that H/K < Ker ¢. The two

inclusions, thus, imply that Kerg =H/K. Hence, by theorem 3.2.10(i), % Is isomorphic

to G/H. Although we have classified all the cyclic groups already, here is another way of

looking at the classification. In examples 3.2.6 and 3.2.7 we have seen that

C,=Z; = 27 . and C» = Z" whereas here we use the isomorphism theorems to
nZ

classify all subgroups and all factor groups of Z* .
Example 3.2.14
If An: Z* — Z* is defined by (Z)Am = nz, for all z € Z"and appositive integer n,

then it is obvious that A, is @ monomorphism and Im A, =nZ* = Z*. We know already,

by example 3.2.12, that Z%z* = C,,; and of course Z* /{0} =Z*. Note that every

subgroup and every factor group of Z* is cyclic and also that each subgroup is either
finite, in which case it is {0}, or has a finite factor group.
It is easy to see that nZ" is cyclic and also that each subgroup is either finite, in

which case it is {0}, or has a finite factor group.



It is easy to see that nZ"™ AmZ" if an only if m divides n. Hence the subgroups of

z* i z* vi
42* are just the subgroups Kr , one for each divisor m of n. By theorem 3.2.13,

z/
when mis a divisor of n, we have ”// ~Z
Z+

R
./=n and ZAr:

=17 . Also, mZ* = Z* and since every factor group of Z* is cyclic, mZ%F is

III

Moreover, since |2

‘mzy
nz*

cyclic thus every subgroup Z%z* is cyclic.

m, therefore, by Lagrange’s theorem

The following example shows another interesting use of theorem 3.2.13.
Example 3.2.15

We consider a homomorphism ¢ from a group G onto any Abelian group A, with
particular reference to theorem 2.5.6. Thus Kerg = M contains G" and by theorem 3.2.13,
we obtain G/M = G/C)f ..

In other words, ¢ = ¢1 ¢ wher e¢ is the natural homomorphism of G onto %
and ¢ is the natural homomorphism of 7 onto G/V . Thus every homomorphism of
G ML,

G onto A may be expressed as the product of ¢: and a suitable homomorphism of %

Next, we prove that third isomorphism theorem.



Theorem 3.2.16
If Gisagroup, H<Gand KA G, then H/HHNK =HKI/K.
Proof

First, note that HK is defined as in Section 1.5 and that HNK A H by theorem

2.4.8; implying that H/HNK is well-defined.

The set HK = {hk: heH and KeK} is non-empty because 1 eHK. If hy, h, eH
and k1, k2 €K, then (h1, ho) = hy ki kot hot = hy(ho? ho) ki ke hot = (hy h2b) (ho ka kot
ho') € HK because = hiho* eH, ki ko? € K, hz (h21)™* and K A G. Thus the factor group
HK/K is well-defined.

Let H be the restriction of the natural epimorphism n: G—>G/K to H. The mth:
H—G/K is, a homomorphism with Ker ny = {heH: heKern} = HNK by Hence, theorem
3.2.10, HHHAK = Immy. Now, KA HK<G and for each heH, (h)r =hke HK/K.

Moreover, each element of HK/K is of the form hkK = hK = hry, with heH and keK.
Thus Imny = HK/K implies that HHHNK = HK/K.

The following example illustrates the afore-mentioned theorem.
Example 3.2.17

Let Q* denote the group of rationals under multiplication, K={1, -1} and H =<
Y%>. Then HK = {hk: heH and keK}={+h: heH} = {£ (1/2)": for all r eZ}. An elment
of HK/K is of the form xK = {x,-x} wher exe HK. Now if xeHK, x = +(1/2)". Hence
each coset is of the form { (1/2)", - (1/2)" } and so each cost of K in HK is a power of
(1/2)K. Thus <(1/2)> =HK/K; and since (1/2)"¢K for r = 0, HK/K is the infinite cyclic
group. Now, HNK = {x: x =(1/2)" for some r and x = + 1} = {1}. Hence H/HNK = H.
But H is an infinite cyclic group; thus we have verified that h/HNK = HK/K.

If G is a group and H, K< G then, by suing an isomorphism, we show in the
proceeding theorem that the two structures, namely H x K and HK, are similar under
certain conditions.

Theorem 3.2.18

If H, K are groups such that HNK = {1} and HK = KH, then HK =z H xK.

Proof



If x eHK, then x = hk for some h eH and k K. Suppose that x has another form
such as = hiky where hyeH and ki eK. So hk = hik implies that hy* h = ks and so h;™
h = ki k! =belongs to HAK = {1} implies that hy* h = kik® = 1. This shows that h = h;
k = k1. Thus x has a unique presentation.

If 9: HK — H x K is defined by (X)¢ =(hk)¢ = (h, k), for all xeHK, then ¢ is
well-defined. For, if x, yeHK such that x =y, then x =hk and y = h1k; for some h, h1eH
and k, kieK. Since x =y has unique presentation, h = hy and k = k1 so (X)¢ = (hk) ¢ =
(h,K) = (hy, k1) = (h1, k1) ¢ implies that ¢ is well-defined.

If X, y eHK, then x = hk and y =h:k: for some h, hy eH and k, k1 eK. Now (x)¢
= (y)¢ implies that (h, k) = (hs, k1), and so h = hy, k = ki This shows that x =y, that is, ¢
iS one-to-one.

Also, if X, yeHK, then x =hk and y = hik; (for some h, h1 € H and k, ki€ K)
imply that (xy) ¢ =(hkhiki) ¢ = (hh1 kk1)¢ because every element of H commutes with
every element of K. Thus, (xy)¢ = (hh1 kk1)¢ = (hh1, kk1) = (h, K) (h, k1) = (hK) ¢ (h1, k1)
d=(x) ¢ (y) ¢, forall x, y € HK. This shows that ¢ is a homomorphism.

Now, ¢ is obviously an epimorphism because for every (h, k) € Hx K, there
exists hk € HK such that (hk)¢ = (h, k). This proves that ¢ is an isomorphism, that is,
HK= HxK.

The example given below, illustrates theorem 3.2.18.

Example 3.2.19

Consider the groups C; =<x:x?=1>and C3<y:y®=1>. Then C.n C3= {1}
and C2 C3=C2C3=C3C2={1, X, ¥, y? Xy, Xy?}. On the other hand, C, x C3={(1, 1),
(x, 1), (1,y), (1, y), (X, y), (X, )} If amapping ¢: C2 Cs — C, xCs is defined by (ab) ¢
= (a,b) for all a €C> and be Cs, then through routine calculations one can show very
easily that ¢ is an isomorphism.

3. Conjugacy Classes

In section 2.5, we have considered some important factor groups. One of them

occupies an important position in group theory. We will discuss it in this section with

emphasis on its application in the theory of finite groups.



If G is a group, then by theorem 2.5.10, the centre of G, namely Z(G), is normal
in G. This means that we can factor the group G by Z(G). The factor group G/Z(G) is
isomorphic to a group of special types of isomorphisms. We will discuss it in detail in
the next chapter but here we will look at it from a different point of view.

If z €Z(G) then zg =gz for every g € G. This means that g* zg = z for all geG.
We can generalize this notion in the following fashion. We call x, y €G to be conjugates
of each other if an only if x =g yg for some geG. If X, y € G and ‘x is conjugate’ then
we denote this fact by x ~y. Thus x ~ y if an only if there exists some ge G such that x
= gyg. Let Ng (x) denote the set containing all those elements of G which commute
with x. The set Ng (X) is called the centralizer of x in G.

Theorem 3.3.1

If Gisagroup and x € G, then Ng (X) < G.
Proof

Ify, ze Ng (x), theny xt yx and z = x'zx, and so yz* = (x! yx) (x* zx)1=(x?
yx) (x1z1x) =xty (xxHzlx = (xty?) (zx) = x? (yz?!) x implies that y z* € Ng (X).
Thus by theorem 1.5.10. Ng (X) < G.

The relation ~ defined in the beginning of this section is an equivalence relation
and partitions G into non-empty and disjoint equivalent classes. These classes are called
Conjugacy classes. Before we discuss the nature of these Conjugacy classes, we prove
xthe following theorem.

Theorem 3.3.2

If G is a group, then the relation ~ is an equivalence relation.
Proof

Since x = 1 x, therefore, x ~ and so ~ is reflexive. If x ~ y then there exists and
element g eG suchthat x =gtyg,andsoy =g x gt =(g)* xg* implies that y ~x. This
shows that ~ is symmetric. Next, if x~y and y~ z, then there exist g, heG such that x =
glygandy=h'zh andsox=glyg=g? (h?zh) gg?h?) z(hg) = (hg)*(hg) implies
that x~z. This shows that ~z. This shows that ~ is transitive; thus implying that ~ is an

equivalence relation.



If a €G, then [a] = {x € G: X~a} is called the conjugacy class of a € G under the
relation ~. It consists of all distinct elements of the form y* ay as y ranges over G. since,
by theorem 3.3.2, ~ is an equivalence relation, it partitions G into non-empty and disjoint
equivalence classes.

Here we point out the following properties of elements of a Conjugacy class.
Lemma 3.3.3

If G isagroup and a € G, then all elements in [a] have the same order.

Proof

If x e [a], then x = y* ay. If ord(x) = n and or(a) = m, then x™ = (y* ay)™ = (y*
ay). .. (ytay), m-times, implies that x™ = y* a™y. Since or(a) = m, we obtain x™ =y* 1
y =y?ty =1 This implies that n <m. Similarly, 1=x"=(y*ay)"=(ytay) (y!ay)...
(ytay) =yta"yimpliesthat 1 =yta"y. That is, a" = 1. This implies that m < n. The wo
inequalities together imply that m = n. Hence the result.

Lemma 3.3.4

If Gisagroup and H < G then HA G if and only if H consists of the union of
complete Conjugacy classes.
Proof

Suppose that H A G. if x is conjugate to an elementh € H, thenx =g* hg € H

and so H consists of complete Conjugacy classes.

Conversely, suppose that H consists of complete Conjugacy classes. If h € H and
geG then g hg is conjugate to h and hence belongs to {h} = H. Thus g* H implies that
HAG.

Notice that x is alone in its Conjugacy class if and only if x = g xg for all g
belonging to a group G. The collection of all such elements is the centre of G, which we
have already talked about in section 2.5.

The groups whose orders are powers of primes occupy special position in the
theory of finite simple groups. In the following results, we explain how the order of the
centre of a group can be used to determine the order of the group whose order is a power
of a prime.

Theorem 3.3.5



If G is a finite group, then
() |6]=z(c)+ _%hi where hi > and hi =|[x; ] and hi = |G : Ng (x; ) for any element
I_
Xi in the i-th Conjugacy class.
(i)  if |G| =p', for some prime p, then |Z(G) = P*> 1.

Proof

Q) Because the Conjugacy classes form a partition of G, it follows that
r

(G| =1+ 1+ ...+ 1+ X h;, where the number of 1 in the equation represent the number
i-1

of Conjugacy classes containing a single element. Note that these are precisely the

elements in the center of G.
r
Thus [Z(G) =1+ 1+ ...+ Limplies that |G| = |Z(G)+ Xy, where hi > 1.and hi =
I_
%]
r
(i) I |G| =p", for some prime p, then by (i) p"=[Z(G) + 'Z1hi , With hj > 1. since h;
I_
_ . G C e . _ _ ol
=G : Ng(x) :‘%le(xi)\ , hi divides |G| =p', where hi > 1. Thus hi = p* for
some li>1. Thus |Z(G) =p" ~hs—h2—...—h =p'=,where hi- p* - p'2 ...- p",
where r>1, l; > 1. Now p divides |Z(G] and, since Z(G) in a subgroup of G, Lagrange’s

2.2.6 assures that |Z(G) divides [G|. It follows from these two results that [Z(G) = p" >
1.

If G is a finite group of order p', where p is a prime number then G is called a p-
group or a group of prime order, or prime-power group. For instance, the group Vs, Qs,

]
D are 2-group of order 4, 8, 8. The equation |G| = [Z(G) + _Zlhi , where h; =
I_

G : Ng (x;) =[x ] is called the class equation.

Let us see how these ideas work out in the particular case of Ss. It is the smallest
non-Abelian group and is, therefore, the simplest which give non-trivial example of most

of the ideas that we have discussed or will discuss.



Example 3.3.6

Let us determine the Conjugacy classes of Ss. The identity element 1 in Sz is the
only element which commutes with every element of Sz, and so 1 €Z(Sz). This implies
that 1 is the only element in its Conjugacy classes. The elements x, xy, xy? are of order 2
and the elements y, y? are of order 3, and so, by lemma 3.3.3., they form two separate

Conjugacy classes, namely {x, xy, xy?} and {y, y?}. Therefore the class equation will be
|S3| = {Z(S3) +hy +h,, where hy = ‘{x Xy, xyzl and h = |{y, y2}|. Thus, the class

equation is 6 =1 + 3 + 2. Note the Z(S3) is trivial.

In the following, we show how the class equation can be used to determine some
of the structural properties of a group.
Theorem 3.3.7

If p is a prime number and G is a finite group or order p?, then G is Abelian.

Proof

By Lagrange’s Theorem, Z(G] divides |G| = p2. But |Z(G) IS a prime-power,

by theorem 3.3.5. Thus, either |Z(G) =p or |Z(G) = p% If |Z(G) = p? then Z(G) = G
and so G is Abelian on the other hand, if [Z(G) = p, then by theorem 2.5.10, Z(G) AG

and we can construct G/Z(G) whose order by theorem 2.4.12, will be p. Then, by theorem
2.3.14, G/Z(G) is cyclic and hence due to theorem 2.5.11, G is Abelian.
Example 3.3.8
The groups Ci1, C4, V4, Coare the Abelian groups of order 1, 22, 22 and 33.
4. Exercise

1. LetG=<x,y:x? =y>=(xy)?=1>and H ={1, -1}. Define a homomorphism ¢
between G and H and show that G/Ker ¢ is isomorphic to H.

2. Define an epimorphism from GL( 2, Z3) to Zs. Find the Kernel of this
homomorphism. If K denotes the Kernel, then show that GL(2, Z3)/K is
isomorphic to Za.

3. If Gisagroup, then prove that G/{G} is isomorphic to {1} and G/{1} is
isomorphic to G.

4. Prove that the composition of two isomorphisms is an isomorphism.



10.
11.

12.

13.
14.

15.

16.

17.

18.

19.

If G, H are groups and ¢ : G— H is a homomorphism, then prove that:
Q) (1) ¢ =1, where 1 and 1" are the identities in G and H respectively.
(i)  (xY) ¢ =((x) p)* forevery xeG.
(i) Im(¢) ={yeH: (x) ¢ =y} <H.
Prove that C7 and Z7 are isomorphic.
Let n be a positive integer. Prove that ¢ : Z— Cn, define by () ¢ = e>*™" for all
X € Z, is an epimorphism. Determine the Ker ¢ and show that C, is isomorphic
to Z/Ker ¢.
Let U denote the circle group {zeC*: |z| = 1}. Define ¢ : R*—U by (x) ¢ = e*™*
for all xeR™. Show that ¢ is an epimorphism. Determine the Ker ¢ and show that
U is isomorphic to R*/Z".
Given the group V4 and Cs, find a group G such that V4 A G and G/Va4 is
isomorphic to Cs.
If G is a non-Abelian group of order 6, then prove that G is isomorphic to Sa.

Let H, K be normal subgroups of a group G and K< H. If G/H is cyclic and
M| = 2, then prove that G/K is Abelian.

Prove that ¢ : R—R", defined by (x)¢ = €* for all xeR, is an isomorphism from
an additive group R and the multiplicative group R™.

For any group G, H and K, prove that G x (H x K) is isomorphic to (G x H) xK.
Let G be group and HAG, KAG. Prove that ¢ : G/IHNK—G/H x G/H, ¢ defined
by (g(HNK) ¢ =(gH, gK) for all g(HNK) € G/HNK, is a monomorphism.

If H, K are groups and JAH, LAK; then prove that (JxL) A (H xK)/(JxL) is
isomorphic to (H/J) x (KI/L).

Prove that C\{10} is isomorphic to C*/Z".

Let n > 3. Prove that ‘DZH D’zn‘ =1if nis odd.

If V is a finite n-dimensional vector space over a field F, then prove that V, as
Abelian group, is isomorphicto F x Fx ... xF.

Show that Csz is isomorphic to Z*/6Z*/3Z*/6Z" and this group is isomorphic to
Z3Z".



20. Let Cip =<a>, M=<a’> and N=<a®>. Consider C12/N and M/N. Find
"% explicitly and verify that is isomorphic to C?/M
o, explicitly p -

21. Prove that the multiplicative group R* is isomorphic to the additive group R".
(Define an isomorphism from R* to R¥).
22.



